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Overview

e Equilibria and periodic orbits of PDEs
e Newton-Krylov continuation methods
e Inexact Newton methods

e lterative linear solvers and GMRES

e Stability

e An example
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Equilibria and periodic orbits of ODEs

Suppose
y=f,p), (y,p) €U CR" xR

is a large-scale (n > 1) autonomous system of ODEs obtained after the spatial discretization of a
system of parabolic PDEs and that

o(t, z,p)
is its solution with initial condition x at ¢ = 0 for a fixed value of p, that is, (0, z,p) = =.

We will assume that this system has been obtained as the discretization of a systems of evolutionary
parabolic PDEs (reaction-diffusion or Navier-Stokes equations, for instance).

We are interested in the computation of its equilibria = satisfying

f(z,p) =0,
their dependence on the parameter p and their stability.
We are also interested in the periodic regims of the system given by the equations
z — (T, z,p) = 0,
g(z,p) =0,
x being a point of the periodic orbit selected by the phase condition g(x,p) =0 and T" > 0 its
period.

In both cases one has to solve large-scale nonlinear systems of equations and to study the stability of
the resulting equilibria or periodic orbits.
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Continuation of zeros of a nonlinear system of equations

Consider a system of nonlinear equations depending on a parameter p
H(xz,p) =0, (xz,p)ceU CR™ xR

with m > 1. We are interested in its solutions and their dependence on p.

Parameter and pseudo-arclength-like continuation methods are used to obtain the curves
(z(s),p(s)) of fixed points. They admit an unified formulation by adding an equation

h(z,p) = 0.

If h(xz,p) = p — po the equation fixes the parameter p.

If h(z,p) = hy(z — o) + hp(p — po), with (zo,po)
and (hz, hp) being the predicted point and the tangent

to the curve of solutions, the hyperplane is transverse X /h(x,p)
to the curve of solutions if the prediction is not far away (X
from the previous point, and the algorithm allows passing ~. | ( X p)
turning poits. /‘/./_'—._\\

- . - S
The system that determines a unique solution, p |

(xz,p) € R™T1 is then

H(z,p)
h(z,p)

H(z,p) = =0 e R™T.
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The system ﬁ(az,p) = 0 is solved by an inexact Newton's method:
starting from the initial (xq, po),

($¢+1,pz‘+1) — (ilfiapz') + (Af’?z‘, Apz-),

where (Az;, Ap;) satisfies the linear system

Dy H(xz;,p;) DpH(xi,p;) Az; —H(xz;,pi)
ha hp Ap; —h(xi,pi)

which is solved iteratively by matrix-free methods (GMRES(M), BiCGStab, TFQRM, etc.) which
only require the computation of matrix products, i.e., products of the form

DyH(zi,pi) DpH(xipi)\ [0z
h) hy 5p

and, eventually, the use of preconditioners.

GMRES(M) = Generalized Minimal Residual (with restarting dimension M)
BiCGStab —  Biconjugate Gradient Stabilized
TFQRM —  Transpose-Free Quasi-Minimal Residual
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An example of a matrix-free product

Consider the system of PDEs
Orc = (1/Penm)02,¢c — dsc — Deexp(~(1 — 1/6))
8- = (1/Pep)03,6 — 050 — B(0 — 6,) + BDcexp(y(1 — 1/6)),
modelling a tubular exotermic chemical reactor (Heinemann and Poore 1981), with s € [0, 1], and

where ¢, 6 and 7 are the non-dimensional concentration of a reactant, temperature and time,
respectivelly. Pe,,, Pey, D, B, B, 6, and ~ are non-dimensional parameters of the problem.

Suppose that all of them are fixed except D that will be our control parameter (p in the previous

slides), and that our state variable is z = (¢, 0).

Let
Hiz.p) = (1/Pen,)02,c — Osc — Dcexp(v(1 —1/6))
| (1/Pep)d2,6 — 856 — B(6 — 6;) + BDcexp(y(1 — 1/6))

Then, if dx = (d¢,80) and dp = 6D,
DsH(z,p)dx + DpH(x,p)dp =

(1/Pep)02,6c — Osdc — exp(y(1 — 1/6))(Déc + Dc(v/6%)56 + dDc)
(1/Pep,)02,60 — 0560 — 360 + Bexp(v(1 — 1/0))(Ddc + Dc(v/62)50 + 6 Dc)
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Inexact Newton's methods.
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Types of convergence

Iterative methods can be classified by their rate of convergence.
Definition. Let {x;} C R™ and «* C R™. Then

e x;. — x* g-quadratically if x;, — x* and there i1s K > 0 such that
lzk1 — 2| < Kllzg — 2%
e xi. — =¥ g-superlinearly with q-order ao > 1 if xp, — x* and there is K > 0 such that
|zk1 — 27| < Kz — 27|
e ;. — x* g-superlinearly if
Tim e — 2|/ llax — 2] = 0.
o x; — x* g-linearly with g-factor o € (0,1) if

|11 — 27| < ol — ™.

Definition. Let {zx} C R™ and «* C R™. Then xp — x* r-(quadratically, superlinearly,

linearly) if there is a sequence & C R converging q-(quadratically, superlinearly, linearly) to
zero such that

lre — 2™ || < &k,

and xp — x* r-superlinearly with r-order o > 1 if the sequence & — 0 g-superlinearly with
q-order c.
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Newton's method

Suppose we seek to solve the system
F(z) =0

with z, F'(x) € R™, and assume the following standard conditions hold
e F'(x) = 0 has a solution z*,

e There is a neiborhood of z*, Q C RY, such that DF : Q — RV XN s Lipschitz continuous with
Lipschitz constant v > 0, i.e.,

|DF(z) — DF(y)|| < vllz —yl|
for all =,y € 2,

e DF(z*) is nonsingular.
Theorem. Under the above assumptions there is a 6 > 0 such that if ||xg — xz*|| < & the
Newton iteration

Tpy1 = T +Sg, with DF(xy)sy = —F(zy)

converges q-quadratically to ™, 1.e., there is a K > 0 such that

Ll+1 — T ~ Tl — T .
I < K] |7
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Inexact Newton methods

Suppose now that instead of solving
DF(xy)sk = —F(zk)
exactly, the linear system is solved by an iterative method with stopping criteria
|DF (zr)sk + F(zr)l| < nellF(z)-

Theorem. Let the standard conditions hold. Then there exists & > 0 such that if
|lzo — z*|| <9, and {nx} C [0,n] withn < 7N < 1, then the inexact Newton iteration

Tht1 = Tk + Sk, with  |[[DF(zg)sk + Fog)|| < nellF(z)]],
converges g-linearly to x* with respect to the norm || - ||« = ||DF(z*) - ||. Moreover

e if N — 0 the convergence is q-superlinear, and

o if i < Kyl||F(xk)||P for some K, > 0 the convergence is g-superlinear with g-order 1+p.

Proposition. Under the standard conditions, and if i, — =*, ||z — ¥ ||+ — 0 g¢-linearly if
and only if ||F(zk)|| does.
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lterative linear algebra.
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Krylov methods for linear systems

Large-scale linear systems Ax = b of dimension n > 1 are usually solved by iterative Krylov
methods. The class of projection methods produce, from an initial guess xg, a sequence of
approximations, x, to the solution z* = A~ 1b, in the affine subspace zj, € xg + K, which satisfy

the Petrov-Galerkin condition
b— ACEk L ,Ck,

where K and L, are two k-dimensional linear subspaces. If £, = AK, then £, minimizes
||b — Ax||2 over z € g 4+ K.

In the particular case of GMRES, L = AK}, and K}, is the Krylov subspace
Ki = {ro, Arg, A%rg, ..., A¥71rg},  with rg=0b— Axo.
It follows that
e =b— Az =b— A(xg + 21) =10 + Az =
= Irg + A(a1rg + agArg + - - - + ozkAk_lro)
= I+ a1 A+azA®+ - +apA¥)ro = pr(A)ro

pr being a polynomial of degree k, with pg(0) = 1.
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Now, by using that
o If A=VAV~! then A' = VA'V~=1 and p(A) = Vp(A) V1!
o If A =diag(A1,...,An) then p(A) = diag(p(A1),...,p(An))

o [[p(All2 < lpM) 21V ]2V Hl2 = K2(V)[Ip(A)]
condition number of V.

2, with k2 (V) = ||[V]|2]|V ~1||2 the norm-2

o If A =diag(A1,...,An) then ||p(A)||2 = max;—1.... » [p(Ns)|

the following result is obtained.

Theorem. (Saad and Schultz 1986) Assume that A is diagonalizable with A = VAV =1, where

A = diag(A1,--- , An) is the diagonal matriz of eigenvalues, Py is the set of polynomials of
degree at most k, and k2(V) = ||V~ L|2||V||2 is the norm-2 condition number of V.. Then at
the k-th step of GMRES
[b — Az |2 .
< ko(V) inf max Ai)l-
|b — Axgll2 — 2(V) pEP, i=1,...,n (%)
p(0)=1
Proof:
b— A — inf A < inf A)l|b— A :
b~ Ayl = g lp(A)roll < ka(V) int  max |p(A)][b~ Asolls
p(0)=1 p(0)=1
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It remains to solve the minimizing problem inf ., x, ||b — Az||2.
Suppose that vy, ...,v; form an orthonormal basis of Ky and let Vi, = [v1,...,vg]. Then if

r =z + Viy € 2o + Kj, with y € R¥ and

inf _ ||b— Az|2 = inf ||b— A(zo + Viy)|| = inf |ro — AViyll.
ceartic | zl|2 yleanH (zo + Vi)l yleanHro kY|

The orthonormal basis is found by means of the Arnoldi factorization.
1. Start: Choose as initial unitary vector vi = ro/||ro||, and set 8 = ||ro]|.
2. Set the (k + 1) x k matrix Hy = {h; ;} to zero.
3. lterate: for y =1,2,...,k do
(a) compute Av;
(b) hij = (Avj,vi), 1 =1,2,...,7
(c) w; = Av; — Z‘gzl h; jvi (Gram-Schmidt orthogonalization)
(d) hjt1,5 = llwsll, if hjq1,5 =0 stop
(€) vj+1 = wj/||w;l]
If Vip = [v1,...,vg] then
e The columns of V}, form an orthonormal basis of Kj, = {v1, Avy, A%vq, ... ,Ak_lvl}.

o If Hy is the (k4 1) x k matrix whose nonzero entries are the hi ; then

AV = Vk_|_1fj]k or AV = Vi+1Hy + wke,;r

where wy = hi1V,41, and Hy is H;. without the last row.
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Now
lro — AViyllz = lIro — Va1 Hrylla = Vi1 (Bvr — Vg1 Hry)ll2 = [|Ber — Hryll2

with e; = (1,0,...,0)T € R**t! and y € RF.

The complete restarted version of the algorithm GMRES(m) is then
1. Set l = 0.
2. Start: Choose as initial unitary vector v1 = ro/||ro||, set p = B = |[|ro]|, £ = 0.
3. dowhile p>¢, k<m, and | < lmaz.
(a) Setk=k+1landl=1+1
(b) Set the (k+ 1) x k matrix Hy = {h; ;} to zero.
(c) lterate: for j =1,2,...,k do
(d) compute Awv;
(e) hij = (Avj,v;), 1 =1,2,...,7,
(f) w; = Av; — Z‘Zzl h; jvi, (Gram-Schmidt orthogonalization)
(8) hjy1j = llwjll, if hjq1,; =0 stop
(h) vj+1 = w;/[lwj] )
(i) find yi, the minimizer of ||Se1 — Hyy||2
(3) set p = [|Ber — Hrypll2
4. if p < € then set x, = xg + Vi yr as approximate solution and exit

5. if I > l;mae (to many iterations without convergence) exit

6. if Kk =m set xg = xg, ro = b — Axg and restart the algorithm (go to 2).
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Preconditioning

If the spectrum of A is not clustered it is necessary to use preconditioners to accelerate the

convergence of the iterative solvers for the linear system Ax = b.

Suppose M is a matrix which approximates A (M =~ A) and is easy to invert (easy to solve systems
with matrix M).

e Left preconditioning. Solve the system
M~ Az = M~ 'b.
Its solution is that of Ax = b.

e Right preconditioning. Solve system
AM~ 1ty =0b.
Then the solution of Ax =bis x = M~ 1y.
This means that when applying a matrix-free method (GMRES, for instance) each matrix product
by A is substituted by a matrix product by A followed by a matrix solve with matrix M in the case

of left preconditioning, or by a matrix solve with matrix M followed by a matrix product by A for

right preconditioning.
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Spatial discretization of the HP problem

Consider the system of PDEs

Orc = (1/Penm)02,¢c — dsc — Deexp(~(1 — 1/6))

9-0 = (1/Pep,)07,0 — 90 — B(0 — 6;) + BDcexp(v(1 — 1/6)),
in the interval s € [0, 1], with boundary conditions

0sc = Pem(c—1) at s=0, dsc=0 at s=1,
0s0 = Pep (0 —1) at s=0, 0s0 =0 at s=1.

To implement the boundary conditions easily we substitute ¢ =&+ 1, # = 6 + 1 in the equations
and boundary conditions to obtain, after removing the overbars the equations

Orc = (1/Pe)02,c — dsc — D(c+ 1) exp(70/(0 + 1)))
970 = (1/Pep,)02,0 — 050 — B(0 — 0, + 1) + BD(c + 1) exp(70/(6 + 1))),

with boundary conditions

Osc = Pey,c¢ at s =0, Osc=0 at s=1,
0s0 = Pep at s =0, 0s0 =0 at s=1.

If D=0 and 0, =1 then ¢ =0 and 6 = 0 is a solution of the problem.
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We use collocation methods in a Gauss-Lobatto mesh. Let s; = 0.5(1 — cos(7i/ng)), i =0,...,ng

and D) = {dglg} the (ng + 1) X (ng + 1) matrices which approximate the derivatives on the mesh,

l.e,
ng

FOi) = > dDf(sy), i=0,...,na.

7=0

Let ¢; = c(s;), 0; = 0(s;) and approximate the boundary conditions (of ¢, for instance) by

ng nd
Z al(l)q7 = Pey,co, Z algﬂbld)’jct7 = 0.
=0 =0

From these two equations the values at the end points can be obtained as a linear combination of
the values at the inner points,

ng—1 ng—1

_ : : Oé(),jCj, Cnd — : : and7j0j°
i=1 i=1

And then, for instance,

ng—1 ng—1
8356(‘%) ~ Z (drg?]) + di,OaO,j + dz g ¥ng ])CJ — Z d(2) 1=1... sy Nd — 1
J=1 71=1

and D) = {Jg?} is the (ng — 1) X (ng — 1) matrix which approximates 02, incorporating the
boundary conditions and acting only on the values at the inner points.
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After the spatial discretization of
Orc = (1/Pem)d%,c — dsc — D(c + 1) exp(70/(0 + 1)))
0-0 = (1/Peh)8fs<9 —0s0 — B0 — 6,4+ 1)+ BD(c+ 1)exp(78/(0 4+ 1))),

the following stiff system of ODEs of dimension 2(ng — 1) is obtained

nd—l

éi= 3 ((1/Pem)d?) = d)) ¢; = Dl(ci+ 1) exp(76:/(0; + 1))
71=1
nd—l
6:= > ((1/Pep)d) —d\') = BI) 0; = B = 0) + BD(c; + 1) exp(10,/(6; + 1)),
71=1
1 — 1, sy Ng — 1

which is integrated with the subroutine DLSODPK from the ODEPACK library.

Advanced Computational and Experimental Techniques in Nonlinear Dynamics, August 3-14 2015, Cusco — p. 18



Effect of the preconditioner in the HP problem

In all the following examples we have taken n; = 30 and therefore the dimension of the dynamical

system is n = 2(nqg — 1) = 58.
For the next examples Pe,, = Pep, =5, B =0.5, v =25, 8 =3.5, 0, =1, and D will be the free

parameter.

If 6x = (d¢c, d0) then,

(1/Pem)0%,6c — Oséc — N

Dy H(x,p)ox =
(1/Pep)02,60 — 0560 — 850 + BN

with N = exp(v0/(0 + 1))D(dy + (y + 1)(~/(0 + 1)2)50)

Two possible preconditioners are

1/Pey, )02 0
apy = [/ Pem)?Z, |
0 (1/Pep)03,
and
(1/Pepm)0?, — 0s 0
2 p—
0 (1/Pep,)02, — 0s6 — BI
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The following figure shows the convergence of GMRES at the first Newton iteration for D = 0.1
starting with ¢ = 0 and @ = 0. The size of the linear system is n = 58, and the dimension of the
Krylov subspace was m = 10 or m = 58. Norm of the residual = ||b — Axy||2.

Convergence of GMRES(m)
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Stability of fixed points (equilibria)

Given an autonomous system of ODE & = f(x), with f: U C R™ — R™ (which we will assume to
be at least C'1), let (¢, x) its solution with initial condition z.

Let z, be a fixed point (or equilibrium) of the system of EDOs, i.e., f(x«) = 0.

Definition. The fized point is said to be Lyapunov stable if for every neighborhood N of x«
there is a neighborhood M C N of x« such that if x € M, then p(t,x) € N for all t > 0.

An equilibrium that is not stable is called unstable.

Definition. The fized point is said to be asymptotically stable if it s Lyapunov stable and
there is a neighborhood N of x+ such if x € N then lim;— ||@(t,x) — x«|| = 0.

Definition. The fixred point said to be exponentially stable if 1t is asymptotically stable and
there exist a« > 0, and 8 > 0, and a neighborhood N of x. such that if x € N, then

|o(t, ) — z«|| < a||lz — z«|le =P, fort > 0.

Theorem. If fis of class C' and x. is a fized point such that all the eigenvalues of Df(x4)
have strictly negative real parts, then xs is exponentially stable (and hence asymptotically

stable). If at least one eigenvalue has strictly positive real part, then x. is unstable.

The eigenvalues of D f(x+) close the imaginary axis have to be computed to detect bifurcations of
fixed points.
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Stability of periodic orbits

Definition. A set A is said to be invariant under the flow o(t,xz) if ¢(t,A) = A for all t; that
is, for each x € A, o(t,x) € A for any t.

Definition. The invariant set is said to be stable if for every neighborhood N of A there is a
subset M C N of A such that if £ € M, then o(t,xz) € N for allt > 0.

An set that is not stable is called unstable.

Definition. The tnvariant set is said to be asymptotically stable if it is stable and there is a
neighborhood N of A such if x € N then, then lim;—~ p(p(t,x),A) =0, with

p(z, A) = infyen([lz —yl)).

A trajectory z(t) = @(t,x) is a periodic orbit if there is a minimal T" > 0 such that (T, z) = .

Consider the first variational equation M = D f(x(t))M about the periodic orbit z(t), with initial
condition M (0) = I. The solution at time 7T is called the monodromy matrix M (7). Its eigenvalues
are called the Floquet multipliers of the periodic orbit.

Theorem. The monodromy matrix M(T) always has a unit eigenvalue with eigenvector
z(0) = z(T) = f(«(0)).
This unit eigenvalue is named the trivial eigenvalue of the periodic orbit.

Theorem. If x(t) is a periodic orbit of a C? flow p(t,x) that is linearly asymptotically stable
(its monodromy matriz has all the eigenvalue inside the unit circle except the trivial one), then

1t 1s asymptotically stable.

The eigenvalues of M (T') of largest magnitude have to be computed to detect bifurcations of the
periodic orbits.
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Eigenvalue problems

Two main methods ar available to obtain the leading (largest magnitude) eigenvalues of a n X n
large-scale (n > 1) matrix A.

Subspace iteration (implemented, for instance, in LOPSI and SRRIT).
1. Start: Choose an initial system of orthonormal vectors V,, = [v1,...,vm], (Mm < n)

2. Forl=1,..., k do
(a) Compute Z,, = AV},
(b) Orthonormalize Z,, by computing Z,, = Qm Rm, and set V;, = Qm

3. Form B,, = V. AV,, and compute the eigenpairs (\;,2;), i = 1,--- ,m of By, by the QR
method (LAPACK).

4. Test for convergence of eigenvalues and/or eigenvectors

5. Stop: When satisfied, compute the approximate eigenvectors of A as x; = Vinz;, 1 =1,--- ,m.
The \;, 2 =1,--- ,m are the approximate eigenvalues. If not go to 2.
Theorem. Suppose that the n eigenvalues of A are ordered by decreasing modulus as follows:
IA1| > [A2] > - [ Am]| > | Amt1| = - > |An]|. If the initial set of vectors Vi, is not deficient in
the eigenvectors corresponding to A1,--- , Am, and if k 1s large enough, then previous algorithm

computes approrimations 5\1-,;{; toX; (i=1,...,m) with

k— o0

. A

k
X, —|—€z‘,k> , lim gik = 0.

Moreover, if A; 1s simple, then €; j, = 0.
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Eigenvalue problems
Arnoldi’s method (implemented, for instance, in ARPACK).
1. Start: Choose an initial unitary vector v1.

2. lterate: Until convergence do:

(a) Compute the Arnoldi factorization AV, = V,, Hy, + wme’-; of length m. The columns of

Vim form an orthonormal basis of K., = {v1, Avy, A%v1,..., A" Lo}
(b) Compute the eigenpairs (\;, z;), i = 1,--- ,m of H,, = V. AV, by the QR method
(LAPACK).

(c) Test for convergence of eigenvalues and/or eigenvectors. If not converged select a new initial
vector v1 from the Arnoldi factorization.

3. Stop: When satisfied, compute approximate eigenvectors of A as x; = Vinz;, i =1,--- ,m.
The \;, 2 =1,--- ,m are the approximate eigenvalues.
Theorem. Suppose that the n eigenvalues of A are simple and that A2, ..., A are enclosed by

a circle centered at & and passing through A2, and that M1 is the approrimation to A1 obtained
by Arnoldi’s method, then

A — M| <e

A1 — & ’
with ¢ a constant. This gives the same error bound as m — 1 steps of the power method applied

to A — &1
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The Arnoldi factorization

1. Start: Choose an initial unitary vector v1.

2. lterate: for j = 1,2,..., m compute
(a) hij = (Avj,v4), 1 =1,2,...,7,
(b) w; = Av; — Zgzl h; jvi, (Gram-Schmidt orthogonalization)
(c) hjti1,5 = llw;sll, if hjt1,; =0 stop
(d) vjt1 = wj/hjt1,
If Vin, = [v1,...,vm] then

e The columns of V,,, form an orthonormal basis of K., = {v1, Avy, A%vq,..., A" Lo}

o If Hy, is the m X m Hessenberg matrix whose nonzero entries are the h; ; then

Proposition. Let y; m be an eigenvector of Hy, associated with the eigenvalue X\; n,, and

Ui m = VmVYi,m the Ritz approximate eigenvector of A. Then,
(A - Ai,m[)ui,m = hm+1,m€?nyi,mvm+1

and, therefore
1A = Aijm Dwimll2 = At 1,mlem yiml.
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Eigenvalue Transformations

To find the leading (maximal real part) eigenvalues of Av = Av the following transformations can be
used:

e Shift-invert with real or complex shift:
Av=> v = (A—ocl) " lv=pv with p=1/(\—o0).
The circle C(o, |\ — o|) in the A-plane is mapped to the circle C(0, |\ — o|~1) in the p-plane.

e Generalized Cayley transformation:
Av=> v = (A—o) " 'A—1Dv=pw with p=\-1)/(\—0).

The line Re(\) = (0 + 7)/2 is mapped to the unit circle and Re(\) < (o + 7)/2
(Re(A) > (0 4+ 7)/2) is mapped to the interior (exterior) of the unit circle.

e Double complex shift: If o = p + 26,
Av=> v = (A—ocl) '(A—-cD) o= with p=1/((\-p)?+62).
e Exponential:
Av = v = exp(TA)v =puv with pu=-exp(AT).

The line Re(\) = 0 is mapped to the unit circle and Re(\) < 0 (Re(A) > 0) is mapped to the
interior (exterior) of the unit circle.

The previous methods (subspace or Arnoldi iterations) can be used to find the eigenvalues p with
maximal modulus of the transformed problems.
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Continuation of fixed points of ODEs

Summarizing, it is possible to find the equilibria of the system of ODEs

y=f(y,p), (y,p) €U CR"™ xR,

by Newton-Krylov methods by a generic continuation code if one can provide three subroutines:
e fun(X,H) computing the function H = f(x,p) from X = (x,p),

e dfun(X, X, dH) which computes the action by the Jacobian 6 H = D, f(x,p)dx + Dpf(x,p)dp
from X = (z,p) and 6 X = (dx, dp), and

e prec(X,h, X, dZ) which solves MéZ = 96X from X = (x,p), h = (hg, hp), and 6 X = (dz, Ip),
M being an approximation of

ha hyp

In the previous example (HP problem) we used an approximation of the form

M 0
0 1
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Continuation of periodic orbits of ODEs

To compute periodic orbits of

y=f(y,p), (y,p) €U CR"™ xR,

by Newton-Krylov methods two subroutines are needed:

e fun(X,H) computing the function

r — SO(T7 :U,p)

HwTop) = 9(z,p)

from X = (z,T,p), g(x,p) being a phase condition. This involves integrating

y = f(y,p) with initial conditions y(0) =z during a time T.
e dfun(X, 0X,dH) which computes the action by the Jacobian of the system

0x — Dgp(T, x,p)0x — Dpp(T, xz,p)0p — f(x,p)dT

OH = DH(x,T,p)(dx, 6T, op) =
Dzg(z,p)dx + Dpg(z,p)dp

from X = (z,T,p) and X = (éz,d0T, ép).
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The matrix product

Dgyp(T,z,p)dx + Dpp(T, z,p)op

can be computed by integrating a first variational equation. If

y(t) =p(t, x,p)
y1(t) =Dzp(t, x,p)dx + Dpp(t, xz,p)dp

then y1 satisfies
v1 = Dy f(y,p)y1 + Dpf(y,p)op and y1(0) = 6w,
because ¢ (0, x,p) = x.

This equation must be solved coupled with that for v,

<

VS
S

N—
|
)

y=fyp) with initial conditions
y1 = Dy f(y,p)y1 + Dpf(z,p)dp y1(0)

|
o)
|8

Finally
Dzp(T, z,p)ox + Dpp(T,x,p)dp = y1(T).
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Results for the HP problem
In this example Pe,, = Pe;, =5, B =0.5, v =25, 8 = 3.50, and 6, = 1.
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Equilibria and periodic orbits Period of the periodic orbits
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Results for the HP problem
In this example Pe,, = Pe;, =5, B =0.5, v =25, 8 = 3.00, and 6, = 1.

Equilibria and periodic orbits Equilibria and periodic orbits
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Other objects which have been computed by Newton-Krylov methods

e Periodic orbits by multiple shooting.
e Two-dimensional invariant tori.

e Curves of codimension-one bifurcations of equilibria and periodic orbits.
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