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Continuation of bifurcation curves

Consider an autonomous system of ODEs

g = f(y,p), (y,p) €U CR™ x R,

depending on two parameters p = (p1, p2) obtained after spatial discretization of a
system of parabolic PDEs (n >> 1).

Let y(t) = o(t,z,p) be its solution with initial condition y(0) = x at ¢ = 0 and for a
fixed p.

We are interested in tracking curves of codimension-one bifurcations of periodic orbits

in system with or without symmetries.

Let assume a matrix-free continuation code based on Newton-Krylov methods is

available to follow the curves of solutions of
H(X)=0

with X ¢ Y C R™"! and H(X) € R™, which requires the user to provide an initial

solution Xy, and two subroutines:
e fun(X,h) which computes h = H(X) from X, and

e dfun(X,JX,doh) which computes 0h = Dx H(X)dX from X, and §.X.
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Saddle—node and period doubling bifurcations

The saddle-node (A = 1) and period doubling (A = —1) bifurcations of periodic orbits
are solutions of the system H(z,u,T,p) = 0 given by

- SO(T7CU7p) =0,

g(z) =0,

N (D;ng(T, T, p)U — (1 + A) é;: f; f) =0,
(Ur,u)y = 1.

e g(x) = 0 is a phase condition to select a single point on the periodic orbit. We use
g(x) = (v, z — ™) = 0.

o [ = f(x,p) is the vector field evaluated at (x,p).

e (u,,u) =1 fixes the indetermined constant of the eigenvalue problem, u, being a

reference vector. We use u, = wu.

e The last term of the third equation is Wieland’s deflation, which guarantees the
regularity of the system by shifting the +1 multiplier associated with f(z,p) to
Zero.

X = (z,u,T,p) has dimension 2n + 3, and the 2n + 2 equations define the curve of

solutions.
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In order to compute H (x,u, T, p), we define

y(t) = o(t, x,p)
y1(t) = Dao(t, x,p)u

and, taking into account that
DiDqyp(t, z, p) = Dy f(o(t, z,p),p)Dap(t, 2, p), and Dzp(0,z,p) = I
the following system has to be integrated during a time T'
v=f(y,p), y(0) =z
y1 =Dy f(y, p)y1, y1(0) = u.
Then

o(T,z,p) =y(T)
D.o(T, z,p)u =y1(T).
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The action of Dx H(x,u,T,p) on (dx,du,dT, dp) is

0x — Dio(T,x,p)6T — Dyo(T, x,p)0x — Dpp(T, z,p)p,

Dg(x)dz,

Aou — Dipo(T, 2, p)(u, 6T) — D3,o(T, x,p)(u, 6x) — Dipp(T, z,p) (u, 5p)
— Doo(T, x,p)ou

Il <(w,u>z—|— ((z,u) (w, du) — 2o 2) <w,u>> w) ,

2(w, w) (w, w)

(Ur, OU),

where w = f(x,p) and z = D, f(x,p)dx + D, f(x,p)dp. Lets define

y(t) = ¢(t,z,p),
y1(t) = Dap(t, z, p)u,
y2(t) = Dap(t, z,p)0x + Dpo(t, z, p)op,
y3(t) = Dyop(t, @, p)(u, 6x) + Dzpo(t, @, p)(u, 0p),
ya(t) = Dap(t, z,p)ou
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If

y(t) = (¢, z, p),
y1(t) = Da2p(¢, z, p)u,
y2(t) = Dap(t, x, p)ox + Dpp(t, x, p)op,
y3(t) = Dzop(t, @, p)(u, 62) + Dapo(t, z, p) (u, p),
ya(t) = Deo(t, z, p)ou,
the system which must be integrated to obtain y(T), y;(T), ¢ =1,...,4 is
yzf(y p); y(0) ==
vf (Y, P)y1, y1(0) = u
yF(y,p)y2 + Dpf(y,p)op, y2(0) = 0z
o[ (Y, p)ys + Dy, f(y, ) (y1,y2) + Doy £ (v, p) (y1, D), y3(0) = 0
Yas = Dy f(y,p)ya, 14(0) = du.
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Neimark-Sacker bifurcations

The Hopf bifurcations of periodic orbits with multiplier ¢*’ and eigenvector u + v are
solutions of the system H(x,u,v,T,0,p) = 0 given by
x— (T, xz,p) =0,
g(z) =0,
ucosf —vsind — Dyp(T, x,p)u =0,
usin® +vcosd — Dyp(T, x,p)v =0,
(u,u) + (v,v) =1,
(u, vy = 0.

e g(x) =0 is the phase condition g(z) = (vr,z — ™) = 0.
e The two last equations uniquely determine the eigenvector u + iv.

Now X = (x,u,v,T,0,p) has dimension 3n + 4, and the 3n 4 3 equations define the

curve of solutions.
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Pitchfork bifurcations

If the initial system is 7T -invariant, f(7z,p) = T f(z,p) with 72 = I, and Tx = =, the
pitchfork bifurcation points of periodic orbits are solutions of the system

H(x,u, T,&, p) =0 are given by

L — QO(T,.CI?,]?) +€¢ — 07

g(x) =0,

(z,0) =0,

(ot )
(Ur,u) =1,

e The slack variable £ and the third equation are introduced to make the system

regular. Moreover £ = 0 at the solution.
e g(z) =0 is the phase condition g(z) = (vr,z — ™) = 0.
e ¢ is a given antisymmetric vector, 7 ¢ = —ao.
e The last equation uniquely determines the eigenvector w.

Now X = (x,u, T, &, p) has dimension 2n + 4, and the 2n 4 3 equations define the curve

of solutions.
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Thermal convection in binary fluid mixtures

The equations in 2 = [0, '] x [0, 1] for the perturbation of the basic state (v. = 0,
T. =T.(0) — z, and C. = C.(0) — z) in non-dimensional form are

v+ (v-V)v=0Av — Vp+ ocRa(O© + SC)é.,

010 + (v-V)O = AO + v,

hC+ (v-V)C = L(AC — AO) + v,

V.-v=0.

The boundary conditions are non-slip for v, constant temperatures at top and bottom

and insulating lateral walls for ©® = T'— T., and impermeable boundaries for C'.

The parameters are 7 O O Y
r Aspect ratio (4)
S Separation ratio (—0.1)
L Lewis number (0.03)

T. + ©

o Prandtl number (control)

C.+C

Ra  Rayleigh number (control)
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To simplify the system, a streamfunction v = (—0,v, 0,%), and an auxiliary function
n = C — O are used. Then

O AY + J(, Ap) =0 A*) + oRa[(S + 1)90,0 + S.1],
0:0 + J(¢,0) =A0 + 0.9,

with J(f,g9) = 0:f0.9 — 0. fOrg. The boundary conditions are now

V=0, =0,n=0 at 01,
©=0 at z=0,1,
0:09=0 at x=0,TI.

The symmetry group of the equations is Z2 X Z2 generated by the two reflections:

Ra: : (75;377Za¢a@>77) — (t,F—(E,Z,—lb,@,??),
Rz : (ta$727¢7@a77) — (t,CU, 1 — 2 _w’ _@’ _77)
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Variational equations

O A1 + J (1, Ar) + J (Y1, AY) =0 A%y + oRa (S + 1)0:.01 + S9am],
0:©1 + J(¢7 @1> T '](wla @) =A0O; + 8w¢17
om + J(,m) + J(¥1,m) =LAm — AOq,

Oy Atha 4 J(2h, Arha) + J (12, Ap) =0 A% 4+ o Ra [(S + 1)0,02 + SOyne] + 60 A%
+ (06Ra + 6o Ra) [(S + 1)0,0 + S0.1],
0102 + J (1, 02) + J(1h2, ©) =AOs + 0,12,
Otnz + J(,m2) + J(2,m) =LAns: — AOa,

OeAths + J (b, Arhs) + J (3, Ap) =0 A3 + o Ra [(S + 1)0,O03 + S0.m3] + sa A
+ (00Ra + 0o Ra) [(S + 1)0:01 + SOz ]
— J (Y1, Ath2) — J (2, Agh),
0:©3 + J(¢,03) + J(¢3,0) =AO3 + Op1p3 — J(¢1,02) — J(32,01),
Oms + J(,m3) + J(¥3,m) =LAns — AO3 — J(¢1,m2) — J(P2,m1).
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Discretization

The functions v, ©, and n are approximated by a pseudo-spectral method. Collocation
on a mesh of ny x n, =64 x 16 (n = 3072) Gauss-Lobatto points is used.

Higher resolutions have been used to check the results.

The stiff system of ODEs obtained can be written as
Bu = Lu+ N(u)

with u = (¥ij, ©i5, mi5).
It is integrated by using fifth-order BDF-extrapolation formulas:

k—1

AltB (’youwrl — Z ) ZB@ w" ")+ Lu"t.

1=0

The initial points are obtained by a fully implicit BDF method.
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Some results for o0 = 0.6

30

(a)

25

20 r

______
‘f
-
-
P
-
-
-
__________
-~
~——
5 -——
- -
| | Ul | 1 --------
————
-
i
-
he
~
SN mmmen s TN
~N
NN
~
~N
\~
Ss
SN
~
~
-
-
~
-
.....
-~
—_——

“_,_—-—-—-"‘

-
-
-
P
-

2000 2050 2100 2150 2200 2250 2300 2350 2400
Ra

Advanced Computational and Experimental Techniques in Nonlinear Dynamics, August 3-14 2015, Cusco — p. 12



Some results for o0 = 0.6
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Curves of bifurcations
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Curves of bifurcations
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Curves of bifurcations
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Period
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Codimension-two points
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Invariant tori for o = 0.6
Ra=2117.4954
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e Beginning of the branch: Ra = 2066.74

e 1/7-resonance interval 2102.79 < Ra < 2102.80
e Pitchfork bifurcation Ra ~ 2115.92

e 1/8-resonance interval 2116.18 < Ra < 2116.20.
e First period doubling Ra ~ 2118.40

e Second period doubling Ra ~ 2118.55

e Breakdown of the torus Ra ~ 2118.60
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The Arnold’s tongue of p =1/8 (o = 0.6)
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Computation of the limits of the 1/8 tongue
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Computation of the limits of the 1/8 tongue
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Performance
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Relative distance between Newton iterates and number of GMRES iterations for the

pitchfork and one of the Neimark-Sacker curves.
Advanced Computational and Experimental Techniques in Nonlinear Dynamics, August 3-14 2015, Cusco — p. 23



Reference

e Net M., Sanchez J. Continuation of bifurcations of periodic orbits of dissipative
PDFEs, STAM J. Appl. Dyn. Syst. 14, 678-698, 2015.

Advanced Computational and Experimental Techniques in Nonlinear Dynamics, August 3-14 2015, Cusco — p. 24



