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The Pursuit of Pertect Packing

« Kepler's Conjecture (1591)

“A cubic close packing (FCC) of

identical hard spheres is the densest \
packing achievable”

e Tom Hales Theorem (1999)

From hales@math.lsa.umich.edu Wed Aug 19 02:43:02 1998
Date: Sun, 9 Aug 1998 09:54:56 -0400 (EDT)

From: Tom Hales <hales@math.lsa.umich.edu>

To: Subject: Kepler conjecture

Dear colleagues,

| have started to distribute copies of a series of papers giving a solution to the Kepler
conjecture, the oldest problem in discrete geometry. These results are still preliminary in the
sense that they have not been refereed and have not even been submitted for publication,
but the proofs are to the best of my knowledge correct and complete. Nearly four hundred
years ago, Kepler asserted that no packing of congruent spheres can have a density greater
than the density of the face-centered cubic packing. This assertion has come to be known
as the Kepler conjecture. In 1900, Hilbert included the Kepler conjecture in his famous list of
mathematical problems. http://www.math.Isa.umich.edu/~hales Tom Hales
samf@math.lsa.umich.edu hales@math.Isa.umich.edu
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Partial Crystallization Induced by

Shear

WVOLUME 79, NunBer 19 PHYSICAL REVIEW LETTERS L0 Movem:.

Crystallization of non-Brownian Spheres under Horizontal Shaking

(. Pouliguen, M. Nicolas, and P. 1. Weidman™®
FadifoX, CNRS UMR 156, foofe Pof 91728 Palai
(Received 31 July 1997)
el now, 1t bas been ohserved that ¢ collective handling of nniform spheres could only Tead 0 a
random close preking of 0 64 aaximum volume fraction, In thix Letter. we show (bat denser crystalline

Cedex, France

contaimer. A pamllel is suypested between this process and that ol colloidal sedimentation which atso

arrngenuents can be obtained when brads ate poured al low fow rates ino s« borizontally shaken ¢

yields crystalline stracture.  [SDO31-9007{57104421-9]

PACS purbars: 4610, +7 61,50, -1, £1.20.Fv, 83.70.Fn

Packings of uniform spheres have been extensively
studied borh by the powder echnology community [1.21
and by physicisss who consider bard sphores gyslems as &
model Lor simple liquids [3]. It is well known (although
not ri poronsly demonstrated [4,37) that the volume lraction
of'the packing, defined as the ratio of the volume ocoupicd
by the spheres to the total volume, carmot cxceed 0.74,
comesponding 1o the regular oryslal wrrangements {for
cxamphe, henagonal or facg-centored cubic).  Tlowewer,
spheres simply ruleared i a box do not sponlanecusly
arranige inlo a crystalline formatiom. Bven whey d
ate imposed to compuer (he arrangement, thy
volume fraction oblained is 0.64 (in the L
boxes] [6—9}.  This is called the random clos
lim#1 and is commaonly considered as the maximum density
that can be reached by collectively handliog the particics
as repotted by an anonymons author [10]: “ball bearings
and similar objects have been shaken, sellled in oil, stock
with paint, kneaded inside rubber balloens and all wilk no
belier reselt than a densily of about G636,

Although this Emil seems 1o be well defined, some stud-
ies in the licaranire roport that higher densities comespond-
ing to regnlar amang 5 can be ained. Scot ef al
obsorved in a short nove [11) that eyelic shear motion ean
induce packing with a densiyy higher than (.64, Owe
Borg er af. [12] camied out cxputiments on the packing
of spheres obiaincd under dilferent shaking mrocesses and
concluded that “three di 2" (shaking with
an horizontal component) can lead Lo a crystaltization.
More recenily, Vanel ef ef. [13] obiafned a repular packing
of steel baauds by vertically vibrating the conlainer. ITow-
ever, all these experiments deal with 2 very small number
el pariicles and the thickness of the crystal doss not exceed
20 particles. Under such conditions, the packings are cer-
tainly dramatically influenced by the bowmdancs. To our
knowiedpe, no process has besn reported for crearing large
crystals of nog-Brownian spheres

On the other hand, in the case of Drownian bard sphkres
sensitive to thormal Ducteations, spontancous orystalliza-
tion can ceowe [14—17]. The slow sedimenration of cnl-
loidal spherical particles in a fluid with the same index of
refraction {in order 1o minimize the van der Waals Foreos)

ionad shaki

3640 (HI3T-5007/97/ 7910} /3640415 10.00

yiclds a dense crystalling sediment of density around a7
[15]. The erysiallization is in this cass conirolled by the
temnperasure: as a resull of Browman molion, the sphores
reaching the Iree surface of the sediment rearrange spon-
tancousty inte an egoilibriwn ordered state
In this paper we present a method inspired by the col-
loidal erystatlizatdon for eroaling crystalling artangements
of non-Browndan spheres. Lhe method consises in comtin-
ously pouring the spheres into a box subjested 1o horizontal
vibrutions. The vibrativns allow the particles to roamange
5 @ role similar to the temperatre 0 the colloidal
sedinfentation.  Whereas many reports have been devoted
o f dynamics of 2 granular media | 1§,19] and its com-
pacfion 11,20,21] under vertical vibrations, fiswr have becn
concerned with horizontal vibrations (22.23] and to our
knowledge no cryswaliization resulls have been reported.
The cxpetimemal schup iz presepted in Tig. L. A
glass box 12 ¢m ¢ 12 cm ¥ 25 om is fixed on a table
which can horfzontsily move on lincar hearings. A

pazticles

FIG. 1. Experiorental seiup.

§: 1997 The American Physical Sociely
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Impossible to grow a “square” packing in this
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Crystal Structure

Hexagonal
Close Packmg

. | FCC

HCP
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FIGE, L Simgle hop grinalor crystols grown by ihe epitaxial
method Lefi: Crystal with 5 eém gide and 1B em heizhi,
cominining approximaiely 8000 steed ball bearings. Tlhe crysal
wie grown in nbout 2 b Right: Crysial with B om side and
|15 em beight; contuining approximutely 13000 weel ball
bearings. The crvsial wae grown in abogl 3 b
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Confinement drastically affects structural
correlations, dynamical properties and the
location of phase transitions in molecular or
colloidal systems.

Some examples
Phase-separation: capillary condensation.
Commensurate-incommensurate transitions.
Freezing transitions of hard spheres.

Confinement-induced attractions.
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Primitive cell FCC
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Applications

Photonic crystals (A = mm’s)

Acoustic crystals

Model systems to study stress propagation
Methods for packing or storage.



It 1s possible to avoid the glassy state in a granular
hard-sphere system by means of an annealing method.

*Dissipation and gravity drive the crystallization process.

Commensurability and confinement are important . The
shear produced by close walls during annealing gives
place to different crystal packings.
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