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Dynamics for delta=-0.007,
global chaos.
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Dynamics for delta=-0.0055.
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Dynamics for delta=-0.0055, Detall.
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Dynamics for delta=0.0055;
geodesic arclenght intervals.
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Dynamics for delta=-0.0055;
geodesic arclenght intervals. Detall.
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Dynamics for delta=-0.0056, Detall.
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Esquema de la presentacion.

(1) What is a BEC (Bose-Einstein Condensate) ?

(2) Basic models (NLSE y DNLSE).

(3) A family of relative equilibria.

(4) The reduced Hamiltonian and its equilibria.
(5) Quasiperiodic dynamics.

(6) Chaotic dynamics.



What is Bose-Einstein condensation (BEC)?
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Observation of Bose-Einstein condensation by
absorption mmaging.  Shown 15 absorpfion vs. two
spatial dimensions.



Basic Models for BEC

At temperature T=0, BEC dynamics is described by
the Gross-Pitaevskii equation :
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The Discrete Nonlinear
Schroedinger Equation (DNLSE)
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DNLSE describes many physical systems:

« Arrays of optical fibers (1-d).

« Small molecules (Benzene)

« BEC trapped in a multiwell periodic
potential (1-d, 2-d)

Breathers : spatially localized, time
periodic (quasiperiodic)
and stable solutions of DNLSE, but in
Infinite one-dimensional lattices.
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We are considering a ring of seven
coupled oscillators.

 What happens when a_
- defect is placed at site 3 ?



H = H, + H,

Hy = 2P = 2NN, = 2N — 24/, - 2/ N
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The family of relative equilibria that we study 1s obtained by
etting 42 = 0, andf, = B, foranyn #m

We can affmel [eqwu[ he sulting periodic orbir, i,
elate equilibrium, by setting < '-rWhEJHleDﬂS[&[‘JL

Therefore,these have the form (1) = /Ny EXD(—ik7 +16p)




 In particular, we will see that
there are Breather-like solutions,
along a family with mirror
symmetry, which have Liapunov-
stability and where the solutions
have a few relevant modes.
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Fig. 1. Plotof ry = /Ny = Reiir;) versus the period of the relative equilibrium

Tn = %. Here & = 0. Solid curves denote spectrally stable solutions; dashed
curves denote unstable solutions. Re(wr, ) stands for the real part of .
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i, 1 = /Ny = Reijry) (see text), versus the defect
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Fig. 3. Plot of the real part of ¥y, 1y = /Ny = Reiyry) (see text), versus the defect
& when Ty = 4m. Blow-up of Fig. 2.
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 The reduced Hamiltonian and its equilibria.

A well-defined process,
called Hamiltonian reduction, uses the symeetries and the

conservation laws to obeain a new family of Hamiltonian systems
parametrized by these conserved quantities

when a preserved quantity i in the form of 2 canonical
momentum, its use reduces an N degree-of-freedom system
directly to a new N — 1 degree-af-freedom Hamiltonian system.



The RH s obtained by making use of the second constant of
mation, P = Z;_ N, to solve for N, Where the defect is being

located, and by choosing & = 0.

These conjugate variables are substicuted into the Hamiltonian.
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Fig. 1. Plotof ry = /Ny = Reiir;) versus the period of the relative equilibrium

Tn = %. Here & = 0. Solid curves denote spectrally stable solutions; dashed
curves denote unstable solutions. Re(wr, ) stands for the real part of .



There are six distinct pairs of purely imaginary eigenvalues
for the linearized RH at = and therefore this is a nonresonant

elliptic point for RH.

As for the in-phase family and to the rig
the bifurcation point 3 in Fig. 1, there are always wo equal
of purely imaginary eigenvalues, where the number of total
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The Hessian of the RH (reduced
Hamiltonian) decomposes into two
six by six block matrices along the diagonal.
The off-diagonal elements are zero.

 The Hessian of H, Is positive definite Iin
theta .



Convexity of Hy implies convexity of RH
For the “single-phase solutions”.

Convexity of RH implies existence of six
Distinct families of periodic orbits : Nonlinear
Normal modes.

(Liapunov Theorem, Moser-Weinstein).



For point “5”, the conditions of the KAM
theorem hold : no-resonance relations
And nondegeneracy condition for RH.
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Fig. 9. (a) Power spectral density (PSD), 54(F) Versus frequency F for the
continuous time sampling of the slow action Iy = =52, (b] The same as (a}, but
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as those of the previous figures.



a4 0 ‘ : :
iy
m? =5 E 2
g | | [
L 1 I II
0 0.25 0.5 0.75 i
b o . . .
my
m; =5k . -
o 4 J\
o
0 0.25 0.5 0.75 i
C o . - '
my
o _5}
g ,
|- L II
0 0.25 0.5 0.75 1

F
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FIG. 4. Return map of the Poincaré cycles, that 1s, 7,— 7
Versus 7..,—7; when &§;=—0.0065 at the Poincaré section for (a)
2700 < i<23000, (b) 8580< ;< 8670. (c) 6600<i<7100, and (d)
5100=7-5380.




e Conclusiones.

 The Hessian of H, of a Reduced Hamiltonian
H determines the stability
In that family of relative equilibria having
the “same phase”.

A neighbourhood of stable Breather-like
relative equilibria show KAM dynamics and
chaotic dynamics (convex and non-convex).



e The time series of the recurrence times
Is useful in the study of the dynamics
of the system, in contrast to following ,
In the continous time, actions etc.

e ii Mil Gracias por su atencion !!
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