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a b s t r a c t

Wehavedeveloped an algorithm to calculate electric andmagnetic fields inside and around amultilayered
sphere. The algorithm includes explicit expressions for Mie expansion coefficients inside the sphere and
calculation of the vector spherical harmonics in terms of the Riccati–Bessel functions and their logarithmic
derivatives. This novel approach has been implemented in the new version of our program scattnlay.
Scattnlay 2.0 will be the first publicly available (at GitHub, https://github.com/ovidiopr/scattnlay)
program, based on the Mie theory, which can calculate near-fields for the general case of a multilayer
sphere. Several tests were designed to verify that the results obtained with our code match literature
results and those obtained through similar programs (limited to core-shell structures) or full-wave 3D
simulations. These tests demonstrate that the implementation is effective, yielding accurate values of
electric and magnetic fields for a wide range of size parameters, number of layers, and refractive indices.

Program summary

Program title: scattnlay 2.0
Catalogue identifier: AEEY_v2_0
Program summary URL: http://cpc.cs.qub.ac.uk/summaries/AEEY_v2_0.html
Program obtainable from: CPC Program Library, Queen’s University, Belfast, N. Ireland
Licensing provisions: GNU GPL v3
No. of lines in distributed program, including test data, etc.: 34502
No. of bytes in distributed program, including test data, etc.: 851543
Distribution format: tar.gz
Programming language: C++11.
Computer: Any computer with a C++11 compiler.
Operating system: Linux (any version), Windows, Solaris.
RAM: 1 Mb–100 Mb
Classification: 1.3.
Does the new version supersede the previous version?: Yes
Nature of problem: The scattering of electromagnetic (EM) radiation by a multilayered sphere is an
interesting phenomenon which has recently drawn a great attention for application of tailor-made
nanostructures in several fields like medicine (optical imaging and photothermal cancer therapy),
atmospheric sciences (to study light absorption by aerosols), design of invisibility cloaks, etc. Expressions
of scattering coefficients seem to be simple and straightforward to implement; however, they involve
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several numerical difficulties that make most of the existent algorithms inapplicable to several common
cases. An improved recursive algorithm that circumvents most of the numerical problems present
in previous algorithms has been developed by Yang [1]. This algorithm has been implemented in
our program [2] to calculate the far-field parameters. In the updated version we have developed
and implemented an efficient algorithm for the calculation of electric and magnetic fields inside and
around multilayered spheres. In addition to the near-field calculations, the program includes some new
functionalities, such as the possibility of including a layer composed of a perfect electrical conductor.
Solution method: Calculation of Mie scattering coefficients and efficiency factors for a multilayered sphere
as described by Yang [1], combined with standard solutions of the scattering amplitude functions.
Determination of electric and magnetic fields using an algorithm developed in this work.
Reasons for new version: To include calculations of electric and magnetic fields inside and around the
particle.
Summary of revisions: The code has been ported to C++11, which has given a cleaner and faster
implementation. A new algorithm has been devised and implemented to include the calculation of near
electric and magnetic fields. Finally, several small bug fixes and improvements to the original code have
been made.
Restrictions: Single scattering and permeability of the layers fixed to unity. Large complex part of layers
refractive index leads to convergence problems.
Running time: Seconds to minutes
References:

[1] W. Yang, Appl. Opt. 42 (2003) 1710–1720.
[2] O. Peña, U. Pal, Comput. Phys. Commun. 180 (2009) 2348–2354.

© 2017 Elsevier B.V. All rights reserved.
1. Introduction

Scattering of electromagnetic (EM) radiation by a multilayered
sphere is a very interesting phenomenon with applications
in several areas. In plasmonics, for instance, various types of
nanoshells (alternating layers of dielectric and metal) have been
extensively studied [1–4] due to their potential for applications in
cancer treatment [5,6] and medical diagnostics [7]. In atmospheric
science, on the other hand, light absorption by aerosols has
a heating effect that is of great interest for studying several
climatic effects. These aerosols have been successfully modelled as
multilayered spheres, containing water and soot [8,9]. Finally, this
model has also been used to design ‘‘invisibility cloaks’’ based on
several dielectric layers [10].

Hence, it is not surprising that several algorithms have been
developed to solve the problems related to EM scattering by
core-shell [11,12] and multilayered [13–20] spheres. Probably for
historical reasons most of the existing models focus on far-field
(these parameters are easier to measure), somewhat neglecting
near-field effects, in spite of their importance in phenomena such
as surface enhanced Raman scattering [21], and its potential for
a better understanding of several other effects [22,23]. Some
algorithms have been devised for near-field calculation in core-
shell structures [24,25] but, to the best of our knowledge, there
exists no algorithm based on Mie theory for solving the case of EM
scattering bymultilayered spheres considering both near-field and
far-field cases.

In this work, we have developed explicit equations of the
expansion coefficients for all the layers of a stratified particle.
These coefficients can be used to calculate complex electric and
magnetic fields at any point inside and around the particle. All
the calculations were implemented in the new version (2.0) of our
computer program scattnlay [26]. Various tests were performed on
the code to ensure its stability and reliability. Finally, we describe
several improvements that have beenmade and added to scattnlay,
to increase its application areas and/or processing speed.
2. EM fields in a multilayered sphere

Electric and magnetic fields can be calculated for an incident
x-polarized plane wave, Ei = E0 exp[ikr cos(θ)]êx with time
dependence exp(−iωt) impinging on a multilayered sphere. Each
layer of the sphere is characterized by its size parameter xl =

2πnmrl/λ = krl and relative refractive index ml = nl/nm,
l = 1, 2, . . . , L, where λ is the wavelength of the incident wave
in vacuum, rl is the outer radius of the lth layer, nm and nl are
the refractive indices of the medium outside the particle and its
lth component, respectively, and k is the propagation constant.
The relative refractive index mL+1 is equal to unity in the region
outside the particle. The whole space is divided into two regions:
the region inside the multilayered sphere, and the surrounding
medium outside the particle. The electric and magnetic fields can
be considered as the superposition of inward and outward sets
of spherical wave functions. For example, Ein and Eout can be
expressed in terms of complex spherical eigenvectors [17,26]:

Ein =

∞
n=1

En

c(l)n M(1)

o1n − i d(l)n N(1)e1n


(1.1)

Eout =

∞
n=1

En

i a(l)n N(3)e1n − b(l)n M(3)

o1n


, (1.2)

where En = inE0(2n + 1)/(n(n + 1)), andM(j)
o1n and N(j)e1n (j = 1, 3)

are the vector spherical harmonics and superscripts denote the
kind of Bessel function (zn); it can be either (1), for the first kind of
spherical Bessel function (jn), or (3), for the first kind of spherical
Hankel function (h(1)n ). Likewise, vector spherical harmonics are
usually defined in terms of the first kind of spherical Bessel and
Hankel functions [12], but their evaluation is very tricky, due
to the peculiar behaviour (i.e., convergence problems) of those
functions. This is particularly true for complex arguments with a
large imaginary part, which often arise in Mie calculations. We
have re-stated the vector spherical harmonics in terms of the



K. Ladutenko et al. / Computer Physics Communications 214 (2017) 225–230 227
Riccati–Bessel functions and their logarithmic derivatives, which
are much more tractable:

M(j)
o1n = cosφ πn (cos θ)

rn (ρ)
ρ

êθ

− sinφτn (cos θ)
rn (ρ)
ρ

êφ (2.1)

M(j)
e1n = − sinφ πn (cos θ)

rn (ρ)
ρ

êθ

− cosφτn (cos θ)
rn (ρ)
ρ

êφ , (2.2)

N(j)o1n = sinφn (n + 1) sin θ πn (cos θ)
rn (ρ)
ρ2

êr

+ sinφτn (cos θ)
D(j)n (ρ) rn (ρ)

ρ
êθ

+ cosφ πn (cos θ)
D(j)n (ρ) rn (ρ)

ρ
êφ, (2.3)

N(j)e1n = cosφn (n + 1) sin θ πn (cos θ)
rn (ρ)
ρ2

êr

+ cosφτn (cos θ)
D(j)n (ρ) rn (ρ)

ρ
êθ

− sinφ πn (cos θ)
D(j)n (ρ) rn (ρ)

ρ
êφ, (2.4)

where rn represents one of the Riccati–Bessel functions (ψn and ζn),
which are related with the spherical Bessel and Hankel functions
by the expressions:

jn (ρ) = ψn (ρ) /ρ, h(1)n (ρ) = ζn (ρ) /ρ. (3)

We have also replaced the derivatives of the Riccati–Bessel
functions by their logarithmic derivatives (D(1)n = ψ ′

n/ψn and
D(3)n = ζ ′

n/ζn) because the latter are numerically stablewhereas the
former are not [17]. To the best of our knowledge, this is the first
time that vector spherical harmonics are expressed in this way.
This representation greatly improves convergence during the near-
field calculations. Now, the expansions of the fields in the lth region
are given by [17]:

El =

∞
n=1

En

c(l)n M(1)

o1n − i d(l)n N(1)e1n + i a(l)n N(3)e1n − b(l)n M(3)
o1n


, (4.1)

Hl =
kl
ωµ

∞
n=1

En

d(l)n M(1)

e1n + i c(l)n N(1)o1n − i b(l)n N(3)o1n − a(l)n M(3)
e1n


,

(4.2)

whereω is the angular frequency andµ themagnetic permeability.
Following Bohren and Huffman’s treatment [12], we can deter-

mine the expansion coefficients (a(l)n , b(l)n , c(l)n and c(l)n ) by applying
the boundary conditions at all the interfaces:

(El+1 − El)× êr = 0, (Hl+1 − Hl)× êr = 0, (5)

where r = rl and l = 1, 2, . . . , L. The orthogonality condition, to-
getherwith the expressions for vector harmonics [Eqs. (2.1)–(2.4)],
the field expansions [Eqs. (4.1), (4.2)], and the boundary conditions
[Eq. (5)] yield four (or, more appropriately, two different sets of)
independent linear equations in the expansion coefficients [17]:

d(l+1)
n mlψ

′

n (ml+1xl)− a(l+1)
n mlζ

′

n (ml+1xl)

− d(l)n ml+1ψ
′

n (mlxl)+ a(l)n ml+1ζ
′

n (mlxl) = 0, (6.1)

c(l+1)
n mlψn (ml+1xl)− b(l+1)

n mlζn (ml+1xl)

− c(l)n ml+1ψn (mlxl)+ b(l)n ml+1ζn (mlxl) = 0, (6.2)
c(l+1)
n ψ ′

n (ml+1xl)− b(l+1)
n ζ ′

n (ml+1xl)

− c(l)n ψ ′

n (mlxl)+ b(l)n ζ
′

n (mlxl) = 0, (6.3)

d(l+1)
n ψn (ml+1xl)− a(l+1)

n ζn (ml+1xl)

− d(l)n ψn (mlxl)+ a(l)n ζn (mlxl) = 0. (6.4)

These equations can be solved to obtain the following expres-
sions for the expansion coefficients:

a(l)n =
D(1)n (mlxl) T1 (ml+1xl)+ T3 (ml+1xl)ml/ml+1

ζn (mlxl)U (mlxl)
, (7.1)

b(l)n =
D(1)n (mlxl) T2 (ml+1xl)ml/ml+1 + T4 (ml+1xl)

ζn (mlxl)U (mlxl)
, (7.2)

c(l)n =
D(3)n (mlxl) T2 (ml+1xl) ml/ml+1 + T4 (ml+1xl)

ψn (mlxl) U (mlxl)
, (7.3)

d(l)n =
D(3)n (mlxl) T1 (ml+1xl)+ T3 (ml+1xl) ml/ml+1

ψn (mlxl) U (mlxl)
, (7.4)

where

U (z) = D(1)n (z)− D(3)n (z) (8.1)

T1 (z) = a(l+1)
n ζn (z)− d(l+1)

n ψn (z) (8.2)

T2 (z) = b(l+1)
n ζn (z)− c(l+1)

n ψn (z) (8.3)

T3 (z) = d(l+1)
n D(1)n (z) ψn (z)− a(l+1)

n D(3)n (z) ζn (z) (8.4)

T4 (z) = c(l+1)
n D(1)n (z) ψn (z)− b(l+1)

n D(3)n (z) ζn (z) . (8.5)

The electric and magnetic fields are finite at the origin. Only
jn(kr) gives a finite, non-singular behaviour at this point; this
implies that it is the only possible radial dependence occurring in
the spherical wave expansion of the fields in the inner layer [12].
This can be understood in a more physical way by considering that
there are no outwardwaves entering in the inner layer and gives an
additional condition for the expansion coefficients: a(1)n = b(1)n =

0. Moreover, total external fields in the region outside the sphere
can be obtained by the superposition of the incident and scattered
fields, E = Ei + Es; H = Hi +Hs. They can be expanded as [12,17]:

Ei =

∞
n=1

En

M(1)

o1n − iN(1)e1n


, (9.1)

Hi =
kl
ωµ

∞
n=1

En

M(1)

e1n + iN(1)o1n


, (9.2)

Es =

∞
n=1

En

i anN

(3)
e1n − bnM

(3)
o1n


, (9.3)

Hs =
kl
ωµ

∞
n=1

En

−i bnN

(3)
o1n − anM

(3)
e1n


. (9.4)

By comparing Eqs. (4.1), (4.2) and (9.1)–(9.4), we can find
additional conditions: c(L+1)

n = d(L+1)
n = 1 (inward EM waves

outside the particlemust be equal to the incident field), a(L+1)
n = an

and b(L+1)
n = bn, where an and bn are the scattering coefficients.

3. Computational algorithm

Schematic representation of the algorithm is shown in Fig. 1.
The first step for the determination of EM fields around and in-
side a multilayered sphere is the calculation of scattering coeffi-
cients, discussed elsewhere [17,26]. Next, we have to determine
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Fig. 1. Schematic representation of the algorithm for calculation of electric and
magnetic fields.

the expansion coefficients by using expressions (7.1)–(8.5), start-
ing with the outer layer and going iteratively down to the first
one (l = L, L − 1, . . . , 1). Then, we must calculate the vector
spherical harmonics [Eqs. (2.1)–(2.4)], which in turn requires the
calculation of the angular functions πn and τn, the Riccati–Bessel
functions and their logarithmic derivatives. Angular functions do
not pose any significant problem, and indeed, they have already
been defined for the calculation of the far-field parameters [26].
Likewise, the calculation of the Riccati–Bessel functions and their
logarithmic derivatives was already implemented and extensively
tested in the previous version of scattnlay [26]. Finally, once the
vector spherical harmonics have been calculated, we can apply ex-
pressions (4.1) and (4.2) for determining the electric and magnetic
fields.

4. Computer program

The previous version of the program was written in ANSI C.
This new version, however, has been ported to ISO C++11 due
to the facilities offered by this language; in particular, objects and
native complex math, and other data structures and algorithms
provided in the standard library. To take advantage of this, the Mie
calculation has been implemented in a C++ class (MultiLayerMie),
but in order to keep compatibility with the previous version, we
also defined wrapper functions to access all the functionalities,
completely hiding the objects, at the choice of the user. The entire
calculation core is defined in the files nmie.h and nmie.cc. The
side effect of the porting was an increased performance of the
calculations due to the program reorganization. As a result, the
C++ version runs two times faster than the original C version for
the same task.
In addition, there are some auxiliary files such as farfield.cc and
nearfield.cc including all the necessary instructions to handle the
data input/output to compile the software in two standalone pro-
grams (the executables are called scattnlay and fieldnlay) to per-
form far- and near-field calculations, respectively. Moreover, files
py_nmie.h, py_nmie.cc, setup.py, setup_cython.py, scattnlay.pyx and
scattnlay.cpp includewrapper functions to allow the compilation of
the code as a Python extension. In this way, it is possible to take ad-
vantage of Python’s plotting and data manipulation facilities cou-
pled with the calculation core offered by our library. Finally, we
have also included a Makefile to facilitate compilation, and several
auxiliary files to compile the Python extension as either Debian
(.deb) or Red Hat (.rpm) packages.

As for the calculation itself, there are three main functions
for obtaining scattering coefficients and the far- and near-field
parameters, as well as several auxiliary functions. The code is
extensively commented, including a brief description of each
function, its purpose, and the input/output parameters. In addition
to the near-field calculations, the program can now deal properly
with a layer of a perfect electrical conductor (PEC). Details of this
new functionality have been discussed elsewhere [10].

5. Tests of the code

Several tests used to verify the accuracy of the far-field
parameters were discussed in our previous paper [26]. All of these
tests yielded the same results with the new code, ensuring that no
precision was lost during the porting. In this work we are more
concerned about the new code that calculates near electric and
magnetic fields. Hence, we will skip the discussion over the far-
field tests [26] and will focus exclusively on the new tests, related
to the near-field calculations.

5.1. Silver nanoshell

The first test compares the results obtained from our code
with those yielded by BHFIELD code, developed by Suzuki and Lee
[24,25]. For this, we used both codes to calculate electric and
magnetic fields for the example provided with their computer
code: a silver nanoshell excited with wavelength 1064 nm. The
exact conditions for the calculation were: R1 = 50 nm, R2 =

60 nm, n1 = 1.53413, n2 = 0.565838 + i7.23262 and nm =

1.3205. The absolute enhancement of the electric field (|E|/|E0|) is
depicted in Fig. 2, as given by BHFIELD (Fig. 2(a)) and scattnlay 2.0
(Fig. 2(b)). The results yielded by both codes are virtually identical
up to four significant digits. However, we consider that our code is
a better choice even for the core-shell case. This advantage should
arise for more complicated cases where our code is expected to
have better accuracy because it avoids ill-behavedBessel functions,
which present well known convergence problems [17,27].

5.2. Power-flow lines in a silver nanoparticle

Bashevoy et al. [22] have reported the appearance of whirlpool-
like nanoscale optical vortices around a silver nanoparticle for
frequencies close to the localized surface plasmon resonance.
Power-flow lines are defined as the lines to which the time-
averaged Poynting vector P = 1/2Re[E × H∗

] is tangential [22].
Electric and magnetic fields were calculated for a spherical silver
nanoparticle using scattnlay and then a Python script was used
to determine the streamlines A(t) = (x(t), y(t), z(t)) of the
time-averaged Poynting vector field, computed by integrating the
differential equation: dA/dt = P(A), where t is length of the
path [22,28]. Results of the calculation are depicted in Fig. 3. The
radius of the nanoparticle was defined as r = λ/20 and the
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b

a

Fig. 2. Local field contour plot in the section plane for a silver nanoshell, as obtained
from (a) BHFIELD and (b) scattnlay.

calculationswere performed forλ = 354nm (Fig. 3(a), ε = −2.0+

i0.28) and λ = 367 nm (Fig. 3(b), ε = −2.71 + i0.25). Our results
closely match those reported by Bashevoy et al. [22]; in particular,
whirlpool-like vortices that appear in our local-field contours are
nearly identical to those observed by them (their Figs. 2(c) and
2(d)). This match upholds the high accuracy of our algorithm and
its implementation.

5.3. Power-flow lines in a dielectric coating

Finally, we determined the power-flow lines for a dielectric
multilayered structure (32 layers) recently reported by us [10],
where the near-field distribution was calculated using full-
wave commercial 3D electromagnetic simulation software CST
MWS [29]. This multilayer structure serves as an invisibility cloak
and its refractive index was optimized to minimize scattering by
the enclosed PEC sphere. In that work, we predicted themultilayer
to reduce scattering by exhibiting a waveguide-like effect; i.e., by
conducing the power-flow lines around the PEC sphere. Power-
flow lines are plotted in Fig. 4 for the bare PEC sphere (Fig. 4(a)) and
the multilayer structure (Fig. 4(b)). Calculations were performed
for wavelength 3.75 cm and a PEC sphere with radius 2.81 cm
(75% of wavelength); the multilayer is composed of 32 layers of
the same thickness, having the refractive indices reported in Fig. 7
of our previous work [10]. The total thickness of the multilayer is
0.8 cm. The power-flow distribution plots show that EMwaves are
much less affected by the structure when the coating is present,
reinforcing the results obtained in the far-field calculation.

6. Conclusions

There aremanyMie-typemodels and algorithms for solving the
problemof EM scattering by core-shell andmultilayered spheres in
the far-field but the same is not true for the near-field. In this paper,
b

a

Fig. 3. Power-flow distribution around a spherical silver nanoparticle with radius
of ∼20 nm (λ/r = 20) in the plane defined by the directions of propagation
(from left to right) and polarization of the incident light. (a) λ = 354 nm and
(b) λ = 367 nm. The colors indicate the absolute value of the Poynting vector and
the white lines show the direction of power-flow.

b

a

Fig. 4. Power-flow distribution around (a) a PEC sphere and (b) the same PEC
sphere covered with an all-dielectric multilayer coating optimized to reduce
scattering (RCS drop is 51.9%). The colors indicate the absolute value of the Poynting
vector and the white lines show the direction of power-flow.
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we report on the algorithm and corresponding implementation
that we have developed for calculating near-fields (electric and
magnetic) for a radially inhomogeneous sphere. The algorithm
is stable and accurate for a large range of size parameters and
material constants. Most of the stability gains arise from the use of
the Riccati–Bessel functions and their logarithmic derivatives that,
unlike Bessel functions, are stable and well behaved. Agreement
between the results obtained with our algorithm and those
reported in the literature or yielded by similar programs is very
good. The proposed algorithm (implemented in scattnlay version
2.0) is fast, accurate, and capable of calculating the electric and
magnetic fields inside and around a multilayered sphere. The new
and the existing functionalities are all available in scattnlay 2.0,
which can simulate all the relevant quantities to study the EM
scattering by multilayer structures in the far- and near-fields. The
algorithm and the resulting code will be very useful for a wide
scientific community interested in the problem of EM scattering
by a stratified sphere.
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